The uncertainty principle is one of the most important issues that clarify the distinction between classical and quantum theory. This principle sets a bound on our ability for prediction of the measurement outcomes of two incompatible observable precisely. Uncertainty principle can be formulated via Shannon entropies of the probability distributions of measurement outcomes of the two observables. It has shown that entopic uncertainty bound can be improved by considering a particle as a quantum memory B which is correlated with the measured particle A. In this work we consider the memory assisted entropic uncertainty for the case in which the quantum memory and measured particle are topological qubit. In our scenario the topological quantum memory, which is in Bobs possession for improving the uncertainty of Bob about Alice measurement, is an open system interacting with an environment E . The motivation for this model is associated with the fact that the basis of the memory-assisted entropic uncertainty relation is constructed on the correlation between quantum memory and measured particle. Thus we want to find the usefulness of environmental effects on uncertainty bound while the quantum memory interacts with its surrounding. In this work we will use fermionic and bosonic Ohmic-like environment.
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PACS numbers:
I. INTRODUCTION
Uncertainty principle is one of the most important concept in quantum theory. Heisenbergs uncertainty relation represent the distinction between quantum theory and classical theory [1] . This relation sets a bound on our ability for precise prediction of the measurement outcomes of two incompatible observable on a quantum system. The uncertainty principle is expressed in various form. One of the most important form of this principle was provided by Robertson [2] and Schrodinger [3] . According their results for any arbitrary pairs of noncommuting observables Q and R, we have
where ∆Q = ψ|Q 2 |ψ − ψ|Q|ψ 2 and ∆R = ψ|R 2 |ψ − ψ|R|ψ 2 are the standard deviation of the associated observableQ (R) and Q ,R =QR −RQ.
It is a more efficient way to construct the uncertainty relation in terms of Shannon entropies of the probability distributions of measurement outcomes of the two observables. The First entropic uncertainty relation was conjectured by Deutsch [4] . Deutschs entropic uncertainty relation was improved by Kraus [5] and then it is proved by Massen and Uffink [6] . They show that for any arbitrary pairs of observablesQ andR with asso- * Electronic address: soroush.haseli@uut.ac.ir ciated eigenbases |q i and |r i respectively, the entropic uncertainty can be written as
where H(X) = − x p x log 2 p x is the Shannon entropy of the measured observableX ∈ {Q,R}, p x is the probability distributions of measurement outcomes, and c = max {i,j} | q i |r j | 2 stands for the complementarity between the observables. Eq.2 can be written in general form
whereρ is the density matrix of measured particle and S(ρ) = −tr(ρ log 2ρ ) is the von Neumann entropy. The uncertainty principle can be expressed by an interesting game between two player Alice and Bob. At the beginning, Bob prepares a particle in a quantum state ρ A and sends it to Alice. As second step, they reach an agreement on measurement of two observablesQ andR by Alice on her particle. Then Alice performs measurement on her particle, and declares her choice of the measurement to Bob. Bob want to minimize his uncertainty about Alices measurement result. If he guesses the result of measurement accurately, he will win the game. The minimum of Bobs uncertainty about Alices measurement outcomes is bounded by Eq.2. However, when Bob prepare a correlated bipartite state ρ AB and send one part to Alice and Keep other part as a quantum memory by himself, he will guess the Alices measurement outcomes with a better accuracy. Entropic uncertainty relation in the existence of quantum memory is introduced by Berta et al. In Ref. [7] , Berta et al. provide a case in which there exist a quantum memory B which has correlation with measured particle A. Their results show that the uncertainty of Bob, who has the quantum memory B, about the outcomes of measurementsQ andR on the Alice's particle A, treat the following inequality as an entropic uncertainty relation
where S(X|B) = S(ρ XB ) − S(ρ B ) is the conditional von Neumann entropies of the post measurement states
where {|x i }'s are the eigenstates of the observableX, and I is the identity operator. So far, much effort has been made for tightening entropic uncertainty lower bound [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Entropic uncertainty relations have a wide range of applications such as entanglement detection [19] [20] [21] [22] and quantum cryptography [23, 24] . In a realistic regime, it is impossible to isolate a quantum system from its surroundings subjected to information loss in the form of dissipation and decoherence. Thus, it is logical to expect that the entropic uncertainty relation can be affected by the environmental factor [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . One can also reduce the entropic uncertainty lower bound in the dissipative environment by using quantum weak measurements [37, 38] . Here we study the entropic uncertainty lower bound for topological qubits in open quantum systems . In the sense that we consider topological qubits as the quantum memory and measured particle in our uncertainty game such that the topological quantum memory interacts with its surrounding. In this work we study the dynamics of entropic uncertainty lower bound in which the topological quantum memory is weakly coupled to the fermionic/bosonic Ohmic-like environments. The work is organized as follows. In Sec. II, we will review the dynamics of topological qubits when they interact with fermionic and bosonic environment with Ohmic-like spectral density. In Sec. III, we provide our model for the memory-assisted entropic uncertainty relation in the context of open quantum systems. We we give an example and compare the dynamics of uncertainty bound for topological qubit in different Ohmiclike environment. The manuscript closes with results and conclusion in Sec. IV.
II. THE DYNAMICS OF TOPOLOGICAL QUBITS
Each topological qubit is consist of two Majorana modes of a 1D Kitaev's chain which can be spatially separated. The Majorana modes are generated at the two ends of a quantum wire. They are shown by γ a ,a ∈ {1, 2} where
These two Majorana modes interact with its surrounding in an incoherent form which leads to decoherence of the topological qubit. The Hamiltonian of considered system can be described aŝ
whereĤ S is the Hamiltonian of topological qubit,Ĥ S is the Hamiltonian of the environment andĤ int stands for interaction between topological qubit and environment, which readsĤ
where B 1 (2) is real coupling constant and O 1(2) is composite operator of electron creation ψ † a and annihilation ψ a operator. From the Hermitian conditionĤ † int =Ĥ int one can conclude that
In the case of interaction with fermionic environment, Majorana modes are located at the two ends of a quantum wire with strong spin-orbit interaction. They are placed over a s-wave superconductor and driven by external magnetic fields B, which is applied along quantum wire direction. Each Majorana mode is coupled to a metallic nanowire by a tunnel junction with tunneling strength B i controllable by an external gate voltage. Schematic diagram for this type of interaction is shown in Fig.(1) for the quantum memory part owned by Bob.
In the case of interaction with bosonic environment, Majorana modes are generated at the two ends of a quantum ring with a small gap in between. The two Majorana modes has local interaction with some environmental bosonic operator. The frequency dependence in the bosonic environment can be produced by an external time-dependent magnetic flux Φ which is flow through quantum ring. Schematic diagram for this type of interaction is shown in Fig.(2) for the quantum memory part owned by Bob.
It is worth noting that for both fermionic and bosonic interaction, the environment has Ohmic-like environmental spectral density i.e. J(ω) ∝ ω Q . The environment is known as Ohmic for Q = 1, super-Ohmic for Q > 1 and sub-Ohmic for Q < 1.
Before the interaction the state of single topological qubit (consist of two majorana modes γ 1 and γ 2 ) is expand by known basis |0 and |1 respectively. They are connected to each other by
It can be chosen following representation for γ 1(2)
where σ i 's (i = 1, 2, 3) are the Pauli matrices. Here the initial state ρ 0 of total system (S + E) is assumed to be uncorrelated i.e. ρ 0 = ρ S (0) ⊗ ρ E , where ρ S (0) = 1 i,j=0 ρ ij |i j|. In the case of fermionic environment, one can find the reduced density matrix of topological qubit at time t as follows (see Refs. [39] for details)
while for the case of bosonic environment it is obtained as
where
here, Γ 0 indicate the environmental frequency cutoff, Γ(z) is the Gamma function and
where i F j is the generalized hypergeometric function.
III. THE DYNAMICAL MODEL FOR MEMORY-ASSISTED ENTROPIC UNCERTAINTY RELATION
In this section we introduce our model to study the dynamics of enropic uncertainty lower bound. Bob prepares correlated two topological qubit state ρ AB . The Hilbert space of two topological qubit (consist of four majorana modes γ 1 , γ 2 , γ 3 and γ 4 ) is spanned by known basis |00 , |01 , |10 and |11 . They are connected to each other by
Due to the fact that the Majorana fermions obey the Clifford algebr aone can choose
After preparing bipartite topological qubit state by bob, he sends one part to Alice and keep other part as a topological quantum memory by himself. Then topological quantum memory B begins to interaction with environment. We show the interaction of the environment by local dynamical map Λ. Thus the state of the two topological quantum system is evolved as
Thus the dynamical memory-assisted entropic uncertainty relation can be written as
In our scenario the topological quantum memory B, which is in Bobs possession for improving the uncertainty lower bound, is an open system interacting with an environment E. The motivation for this model is related to the fact that the structure of the memory-assisted entropic uncertainty relation in Eq. (4), is based on the correlation betwwen quantum memory B and measured particle. Thus we want to find the usefulness and relevance of environmental effects on uncertainty bound while the quantum memory interacts with its surrounding. In our scenario we consider the open system dynamics of the topological quantum memory which are weakly coupled to the fermionic/bosonic Ohmic-like environments. Schematic representation of our setting for fermionic and bosonic environment is sketched in Figs.1 and 2, respectively.
As an example let us assume Bob prepare initial maximally entangled two topological qubit states ρ AB = |φ + φ + |, where |φ + = 1/ √ 2(|00 + |11 ) and shared it with Alice. If quantum memory B interacts with fermionic environment with Ohmic-like spectral density then from Eq.18, the dynamics of two topological qubit can be derived as 
In Fig.3 , we have the entropic uncertainty bound Eq.21 for topological quantum memory in a fermionic environment. As can be seen due to interaction with environment the uncertainty bound increase from initial value zero. However in contrast to the cases of non-topological qubits for which the uncertainty bound always decohere completely and reaches to its maximum value in all Ohmic-like environments, the uncertainty bound for topological qubits decohere completely and reaches to its maximum value in the Ohmic and sub-Ohmic environments while it is not for the super-Ohmic environment.
If quantum memory B interacts with bosonic environment with Ohmic-like spectral density then from Eq.18, the dynamics of two topological qubit can be derived as
Then for a particular measurement the r.h.s.of Eq.19 i.e. U b is given by
).
(23) In Fig.4 , we have the entropic uncertainty bound Eq.23 for topological quantum memory in a bosonic environment. As can be seen due to interaction with environment the uncertainty bound increase from initial value zero. However in contrast to the cases of non-topological qubits for which the uncertainty bound always decohere completely and reaches to its maximum value in all Ohmic-like environments, the uncertainty bound for topological qubits decohere completely and reaches to its maximum value in the Ohmic and sub-Ohmic environments while it is not for the super-Ohmic environment.
IV. CONCLUSION
In this work, we have studied the dynamics of memoryassisted entropic uncertainty bound for the case in which the quantum memory and measured particle are topological qubits and quantum memory interacts with environment. We have considered the interaction of the quantum memory with fermionic and bosonic Ohmic-like environ-ment. The motivation of this work stems from the fact that the basis of memory-assisted entropic uncertainty is constructed based on the correlation which is exist between quantum memory and measured particle. Due to interaction between quantum memory with surrounding the quantum correlation betweeen quantum memory and measured particle decreases. So it is natural to expect the uncertainty lower bound increases when quantum memory interact with environment. For the case of topological qubit quantum correlation decohere completely for sub-Ohmic and Ohmic environment while it does not happen for super-Ohmic environment. We have shown that for both fermionic and bosonic environment the uncertainty lower bound reaches to its maximum value at finite time for sub-Ohmic and Ohmic environment while it does not happen for super-Ohmic environment. Thus the super-Ohmic environment preserve the ability of predicting the measurement outcomes of two incompatible observable for long time, while it is not for sub-Ohmic and super-Ohmic environment .
